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A CLASS OF SPATIAL CENTRAL CONFIGURATIONS IN NEWTONIAN
NINE-BODY PROBLEMS

L. DING!, J. WANG!, D.Y. ZHU!

ABSTRACT. In this paper, we obtain the necessary and sufficient conditions for the existence
of a class of spatial Newtonian nine-body central configurations, where eight masses are at the
vertices of a rectangular prism and the ninth mass is at the geometry center of the rectangular
prism.
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1. INTRODUCTION AND MAIN RESULT

Newtonian n-body problems given in [12, 25] concern the motion of n point masses m; > 0

with positions ¢; € R3 for j =1,2,...,n. The motion is governed by Newton’s law:
mi; = 20 (9)
747 aqj ’

where U(q) is the potential function as following:
mim;
Ul = ) | — ].|'
1<izj<n |1 0

One of the main topics in Newtonian n-body problems is central configuration, and the definition
of central configuration is as follows [12].

Figure 1. Planar N-body problem.
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Figure 2. Eight-body configurations formed by two parallel squares with 6 # 0.
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Figure 3. Nine-body configurations formed by two parallel squares with 6 = 0.
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Figure 4. Nine-body configurations formed by two parallel squares with 6 = 7/4.
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Definition 1.1. A configuration ¢ = (q1,q2,...,qn) € Q is called a central configuration for

masses m = (mqy,ma, ..., my) if there exists a constant X € R such that
Z %]_;]Z):—/\mi(qi—qo), i=1,2,...,n, (1)
E A

where the configuration space ) = {(ql, s qn) € (R 2 g # qj for i # j} , and the center of

n

n
mass is defined as qo = Y, mjqj/M and M = ) m;.
j=1 j=1

The study of central configuration dates back to the 18th century, more precisely, in 1767,
Euler [8] discover the well-known collinear central configuration for the case of n = 3. For
the planar non-collinear central configuration with n = 3, there is only one kind of central
configuration, that is Lagrange equilateral-triangle central configuration [11]. For n > 4, if
n equal masses are located at the vertices of a regular n-polygon, then the n masses form a
central configuration [19], and for the spatial central configuration with n = 4, there is only
one kind of central configuration, which is called the regular tetrahedron central configuration
[1, 20]. For the spatial case of n = 5, the authors of the paper [5] discovered the spatial central
configurations with four sequential equilateral edges containing all five vertices. When n = 6, in
[15] the authors showed the existence for spatial central configurations with four masses are at
the vertices of a regular tetrahedron and the other two masses are on a line connecting one vertex
of the tetrahedron with the center of the opposite face. For the spatial case with n = 7, the
authors of [16] discovered the existence of spatial central configurations, where four masses are
at the vertices of a regular tetrahedron and the other three masses are symmetrically located at
the vertices of an equilateral triangle in the exterior of the regular tetrahedron, and when n = 8,
in [18] the authors showed the existence for the spatial central configurations formed by two
parallel squares with a twist angle = 0 and a distance h > 0 (see Fig.1). In [27], the authors
studied the necessary and sufficient conditions for twisted angles in central configurations formed
by two twisted regular polygons (see Figs.1, 2), and later, they found that two stacked regular
polygons forming a symmetrical central configuration have the same shape [28]. In [4, 21], the
authors extended the configurations studied in [18, 27, 28] by adding a mass and established
the existence of the spatial central configurations for Newtonian nine-body problems with § = 0
and 0 = /4, respectively (see Figs.3, 4). For more details in this direction, one can refer to
(2, 3, 6, 7,13, 14, 17, 22, 23, 24, 26].

Note that in [4, 21], the authors investigated spatial central configurations of Newtonian
nine-body problems where the five masses are at the vertices of a square-base pyramid while the
remaining four masses are at the vertices of a square, they demonstrated that the masses at the
vertices of each square must be equal. We also note that in a co-spherical central configuration,
if adding one more celestial body still results in a central configuration, then the newly added
body must lie at the center of the sphere [10, 29]. Now in this paper, we focus on a class of
spatial central configurations consisting of eight masses at the vertices of a rectangular prism
and the ninth mass at the geometric center of the rectangular prism (see Fig.5), and we make
no prior assumption that the first eight bodies form a central configuration. Since two central
configurations are said to be equivalent if one can be transformed to the other by a translation,
a scalar multiplication and a rotation [12], without loss of generality, we can assume that the
width, length and height of the rectangular prism are 1, a, and h, respectively, i.e.,

q1 = (170a O)a q2 = (La)())a q3 = (O,CL,O),
q4 = (0707())7 q5 = (1,0,h), de = (17a7h)7 (2)
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where a > 0 and h > 0. Then, our main result is described as follows.

Theorem 1.1. For the spatial Newtonian nine-body problems with masses myi,ma, ..., mg € RT
and corresponding positions qi,qo, - ..,q9 € R3, if the positions of the nine masses are defined
as in (2), then the nine masses form a central configuration if and only if my =mg = -+ =mg

and the rectangular prism is a cube.

qs a7

qi

X

Figure 5. Nine-body configurations formed by a rectangular prism and the ninth mass

is at the geometry center of the rectangular prism.

2. PROOF OF THE NECESSARY CONDITION OF THEOREM 1.1.

For the convenience to discuss, we use D; ; to denote the mutual dlstance between ¢; and g;
with 4, j € {1,2,...,9}. Moreover, let & = (1 0,0), & = (0,1,0) and €3 = (0,0,1).

We divide the proof of the necessary condition into two parts.

Part 1. We prove that m; = my = m3g = mg = ms = mg = m7y = mg, and we divide the
proof into three steps.

Step 1. We prove that m; = mg, mg = my4, ms = m7 and mg = msg.

Since q1,q2,-..,q9 form a central configuration, by Definition 1.1, there exists a constant

A € R such that

9
Z W:_AmZ(Ql_QO)v 7‘:1727"'?9’ (3)
j=1, j#i E

where gy = Z m;qj/M and M = Z m;.

When i = 5 and 1=17, we multlply both sides of Eqn.(3) by €. Then, using Eqn.(2), we have

1

mq mo ms my 5Myg [ 1 1

+ + + + =A 1——(m5+m6+m7+m8+7m9)},

Dgl Dg’Q Dgg D§4 Dg’g M 2 )

=M 1
my ma ms3 my 2 9_)\[1_7(

1
+ + = m5+m6+m7+mg+fm9)},
Dy Diy  Dig Dy Dy

2
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where

Dsy = D73 = h, Dsy = D7y = Va? + h?, Ds3 = D7y = V1 + a2+ h?,

Dsy = D7y = /14 h2, Dsg = Drg = M'

Thus, in Eqn.(4), using the first part to minus the second part, we have

1 1
mi ma ms3 My M9 mi ma ms3 my 519
[~5 + + + | =[5 + + + ]
Dy D3, D33 D3y Diy D} Di Di DI D
ma mo ms my mi meo ms my
= [+ + + =5l + + + =5
D3 D3, D33 D3y D} Di  Diy Dy
—( )+ )+ )+ )
= myp —ms mo — My m3 — 1My —= (Mg — My
D, D3, 2 2
1 1 1 1
= ( )(ma —ma3) + ( )(ma —my) =0,
D51 D%B Dg2 Dg4
ie.,
: Jom )+ [ e —my =0, ()
- mip —m — mo — M = U.
B (Vita+rpl T T ar e (ViR

Similar to obtain Eqn.(5), when ¢ = 6 and i = 8, multiplying both sides of Eqn.(3) by &4, we
obtain

1
mi m2 m3 my 7™My 1 1
+ + + + :)\{1_7(m5+m6+m7+m8+*m9)},
Dy DY DR DT DYy LM 2
my mo mg Mg 3M9 [ 1 1
T + + — + + 5= 1——(m5—|—m6+m7+m8+7m9)},
D D} D DYy D M 2
where
D61 = D83 == \/m, D62 — D84 == h’ D63 = D81 = \/1_l’_h2,
Des = Dgo =1+ a2+ h2, Dgg = Dgg = 4/ + & + 12,
Then,
1 1 1 1
(55 — =3 )(my —m3) + (57 — —=57) (M2 —ma) =0,
D%, Diy D%, Diy
ie.,
1 1 1 1
- mip—m3)+ |75 — } mg —my) = 0. 6
(Va2 + h2)3 (\/1—1—7h2)3}( ! ) W (V1+a2 + h2)3 (m2 1) (6)

Let matrix A be defined as follows.

1 1 1 1
. ﬁ; (\/W)3 (W)?’ N gm)s

(VaZ+ 123 (VI+R23 W3 (V1+ad®+h?)3
Then, it follows from Eqns.(5) and (6) that

a(mm)=(9)
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and the determinant of matrix A is following:

1 1 1 1
Al B (V1+a®+h?)3 (Va2 + 12)3 (VI h?)3
B 1 1 1 1

(Va2 + 12} (VI+h2)? B (VI+d+h2)?
1 1 1 1

2 2
:[h:”_(m)?’] _[(\/m)?’ (m)s]

1 1 1 1 1
=l - Vit 1 R)p | (JErR)p (W)J I
1 1 1 }

ViT@+ 2P (12 (1T

99

Note that a > 0 and h > 0, then |A| > 0, hence m; — m3 = 0 and mg — my = 0, which implies
that m; = ms and me = my. Following the same procedure that established m; = m3 and
mg = my, we set ¢ = 1,3 and i = 2,4 into Eqn.(3), and then multiplying both sides of Eqn.(3)

by 6_3>, it can be shown that ms = m; and mg = msg.

Step 2. We prove that m; = mo = mg = my4 and ms = mg = m7 = ms.
For i = 1 and ¢ = 2, by multiplying Eqn.(3) by 1, it yields that

1

ms my mry ms 5My
+ + + +

Di”3 D§4 Di”7 D%s Di”

m m m m m9

ms3 my mr
+ + =+
D3y

1
ms ng
D3 D3 +
23 24

3 3
D28 D29

=1 L (1my +ma + ms + m + = )
— Mm]. ma ms me 2m97

where

Di3 = Doy = V1+a?, Diy = Da3 =1, D17 = Dog =1+ a?+ h?,

Dig = Do7 = V1 + h2, Dig = Dyg = \/m,

In Eqn.(7), by subtracting the second part from the first part, we obtain

1 1 1 1

(53— 53 )(m3 —ma) + (55~ — 755)(m7 —ms) =0,
Dty Di, Di; D

i.e.,
1 1 1

W - 1](m3—m4)+ [(W):; B (m)3 (m7 —mg) = 0.

Similarly, for ¢ = 5 and ¢ = 6, by multiplying the Eqn.(3) by 1, we obtain

1

ms my mry ms 5y 1 1
+ + + + :A[l——(m1+m2+m5+m6+7m9)},

Di  Diy Di; Di Di M 2

29

Di

m3
3
D 63

1 1
:A[l——(ml—i—mg—kmg)—}—mﬁ—l—ﬁmg)},

ISR L
DY, " D Dis M

where

Ds3 = Dgs = V14 a? + h%, Dsy = De3 = V1 + h%, Dsy = Deg = V1 + a2,

Dss=Dgr =1, Dsg = Dgg = \/ 1 + 5 + 1.

(9)
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In Eqn.(9), using the first part to minus the second part, we have

1 1 1 1
(Digd B Digél)(mS - m4) + (D7§7 - ngg)(ﬂ?q — mg) =0,
s e 0+ [ o =00

Denote the determinant of the coefficients of the system consisting of Eqns.(8) and (10) be
|A], then

1 1 1
1 Vizap | (Vi+a®+ 123  (VI+h2)3
1 1 1
Vit a2 +h23  (Vi+h2)p rap
-l ~ )~ Lo - v
~lWira2)3 (Vi+aZ+h23  (VI+h2)3
_ 1 1 1 _ 1 } [ 1 _
- [(m)?» T WVir @y (irmpl (i ap
1 1
-~y T )
Thanks to a > 0 and h > 0, so
1 1 1

<0

14 _
(V1+a?)3 (V1+a?2+h%)3  (V1+h2)3
Next, we prove |A| # 0 by contradiction argument, and we assume that |A| = 0, then

1 1 1

Vixar | (rarmp  (rmp

ie.,

1 1 1
Vizap | (e e (e )

Let fi(h) = 1/(v/1+a?)® — 1 and fo(h) = 1/(v/1+ a2+ h2)3 — 1/(v/1+ h2)3. Note that for
Eqn.(11) to hold, it requires that the graphs of f1(h) and fy(h) intersect. On the other hand,
the derivative of fa(h) is given by:

fa(h) =3h|(1+ h2)—% —(1+a+ hg)_g] ’

then it follows from a > 0 and h > 0 that f5(h) > 0. Therefore, f2(h) is monotonically increasing
on (0, +00). Moreover, note that as h — 0, fo(h) — 1/(v/1 + a2)? — 1, thus using h # 0, we have
fi(h) and fa(h) do not intersect, which implies that Eqn.(11) does not hold, and it is impossible.
Consequently, the determinant |A| # 0, and then the homogeneous linear system for (mg — my)
and (m7 — mg) admits only the trivial solution, i.e., mg = my4 and m; = mg. Combining Step
1, we conclude that m; = mo = m3 = my and ms = mg = my = msg.

Step 3. We prove that mi; = mgo = mg = m4 = ms = mg = my = ms.
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By virtue of Step 2, we can assume that m; = mo = m3 = my = « and ms = mg = my =
mg = (. For i = 1 and ¢ = 5, we multiply Eqn.(3) by €1, then

1 1 1 1 Lmg 1 1
(G + o+ (G + pr)B+ 55 = AL = 1220+ 28 + Jmo)],
oA R R R V25 M 2 )
1 1 1 1 Lmg 1 1
(g + o+ (G + o8+ 55 = AL = 1220+ 28 + Jm)]
D3, D, D3, Di D3 M 2

where

Di3=Ds7; =V1+a? Dyy=Dsg=1, D7 = Ds3 =1+ a?+ h?,

Dis = D5y =1+ h2, Dig = Dsg = \/m,

In Eqn.(12), using the first part to minus the second part, there is

1 1 1 1
(

D}y D}, D35 D3

ie.,

1 1 1
[m’+l_ (VitaZ+h2)3 (m>3](a—6)—0.

With the aid of
1 1 1

Virap | (AreeRp (eRp

we obtain « = 3. Therefore, mi; = mgo = mg = my = ms = mg = My = Mg.

Part 2. We prove that the rectangular prism must be a cube.
Firstly, we prove that a = 1. Let m1 = mg = m3g = mq = ms = mg = my = mg =: a > 0.
For ¢ = 2, we multiply Eqn.(3) by e and €3 respectively, which yields

1 1 1 1 imyg 1 1
( + + + Ja+ 2 :)\[1——(4O¢+7m9)},
pg, "oy, " og by o UMt -
1 1 1 1 imyg 1 1
( + + + o+ 2 :/\[1——(4a+7m9)},
D3, D3, D35 Dy Dj M 2
where
Da3 =1, Doy = V14 a?, Dy =1+ h% Dyg=+1+a?+ h?,
Doy = \/%-i-%—l-h%, Dy1 = a, Das = Va2 + h2.
In Eqn.(13), using the first part to minus the second part, we obtain
1 1 1 1
( - + — Jao =0,
D3y D3 D3 Djy
i.e.,
1 1 1
1—-—+ — a=0. (14)

ST me  (aErmep



102 TWMS J. PURE APPL. MATH., V.17, N.1, 2026

Note that o > 0, we have the following conclusions:

1 1 1
if a>1, thenl1— — + - > 0, which implies that (14) does not hold;
@ VITRpE (Va2 P 14
1 1 1
if0<a<1,thenl — — + — < 0, which implies that (14) does not hold.
a®*  (V1+h2)3  (Va®+h2)3 P a4

Hence, a = 1.

Secondly, we prove that h = 1.

With all masses set equal, i.e., m;1 = mg = mg = My = M5z = Mg = M7 = Mg = Q, We
substitute ¢« = 1 into Eqn.(3). Multiplying the resulting expression by e and €3 respectively
yields

1 1 1 1 tmg A

(w5 + 75 + 75 T 73 )+ ==
D,  Diy  Dig D7 Diy M
A

(1+1+1+1)+%m9 (4a + = mg) "
[0 = — 4« —myg).
Di; D DY, Diq ’

By subtracting the second part of Eqn.(15) from the first part of Eqn.(15), and then using a = 1,
we obtain

1 1 1 1

(st 75— 73 7302 =0 (16)
Dy, Diy Di;  Dig
where
D12 = 1, D13 = \/5, D15 = h, Dlg =1+ h2. (17)
Inserting « > 0 and (17) into (16), we have
1 1 1
R S S——)

(V2p BT (ir Ry
which implies that
1 1 1

Wt
Let f3(h) = 1/h3 +1/(v/1+ h2)® and fi(h) = 1+ 1/(v/2)3. Since
fi(h) = —3h* = 3h(1+ h?)"3 < 0.

Hence, f4(h) is monotonically decreasing on (0, +0c). Moreover, when h = 1, we have f3(1) =
1 +1/(v/2)3, which implies that h = 1.
Inserting a = 1 and h = 1 into (2), we deduce that the rectangular prism is a cube. [

3. PROOF OF THE SUFFICIENT CONDITION OF THEOREM 1.1

In order to prove that the nine masses form a central configuration, it suffices to show that
Eqn.(1) holds. In fact, note that the rectangular prism is a cube, then in (2), we have a = 1
and h = 1. Combining m; = me = m3 = my = ms = mg = my = mg =: § > 0, then by direct
computation, Eqn.(1) is equivalent to

1 1 1 1 1 1 1
( 2™ _ ) 1——(4ﬁ+§m9)],

oy, D5, g, TR by o
1 1 1 1 tmg A

1
t -+ =+ =5 )8+ = (48 + smy),
D}, Dz Dig D7 Dy M 2

(
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where
V3
Diz = D1y = 1,D13 = Dig = Dig = V2, D17 = V3, Dig = > and M =83 +mg.  (19)

By the lines 1-8 of p.109 of [12], we have A > 0. Thus, using M = 83+ mg and A > 0, it follows
that

1 1 A 1
)\[1 — (48 + 5mo)| = (48 + 5mo) > 0.
Combining (19), we arrive at the conclusion that Eqn.(18) is equivalent to
1 1 1 3y A 1 A
1+ + + + 2 = 4B+ -mg) = =.
U T T e T aE T s ™ T

Hence, there exists a constant A = (3/2+1/(3v/3))3 +8mg/(3v/3) > 0 such that Eqn.(1) holds.
This guarantees the existence of the spatial central configurations.

4. CONCLUSIONS

In planar and spatial central configurations of Newtonian five-body problems where four
masses are located at the vertices of a square, these four masses are necessarily equal [2, 9], and
for spatial central configurations of Newtonian nine-body problems with eight masses positioned
at the vertices of two parallel squares, the authors proved that the masses at the vertices of each
separate square are equal [4, 21]. Now, we obtain the necessary and sufficient conditions for the
existence of spatial central configurations consisting of eight masses positioned at the vertices of
a rectangular prism and the ninth mass placed at the geometric center of the rectangular prism,
specially, without assuming that the first eight masses form a central configuration beforehand,
we demonstrate that in these spatial nine-body central configurations, the first eight masses are
all equal and the rectangular prism must be a cube.
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